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Scaling flow diagram in the fractional quantum Hall regime of GaAs/AlGaAs
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The temperature driven flow lines of the Hall and dissipative magnetoconductance data (σxy, σxx)
are studied in the fractional quantum Hall regime for a 2D electron system in GaAs/AlxGa1−xAs
heterostructures. The flow lines are rather well described by a recent unified scaling theory developed
for both the integer and the fractional quantum Hall effect in a totally spin-polarized 2D electron
system which predicts that one (σxy , σxx) point determines a complete flow line.
PACS numbers: 73.43.Qt
The scaling treatment was initially proposed for the
integer quantum Hall effect (QHE) using a graphical
representation of the magnetoconductance data in the
form of the flow diagram [1, 2, 3]. The flow diagram
depicts the coupled evolution of the diagonal (σxx) and
Hall (σxy) conductivity components due to diffusive in-
terference effects. The similarity of many features at dif-
ferent integer and fractional quantum Hall states stimu-
lated the creation of unified scaling theories [4, 5, 6, 7, 8].
The results of these theories are in qualitative agree-
ment with each other, however, the phenomenological
approach [4, 5, 6, 7] provides a quantitative picture, the
experimental verification of which is the goal of our in-
vestigation.
In Ref.[4], the conjecture was made that the scaling
flow diagram for a totally spin-polarized electron system
is invariant under the modular transformation
σ˜ ↔
aσ + b
2cσ + d
, (1)
for complex conductivity σ = σxy + iσxx where a, b, c,
and d are integers with ad−2bc = 1. This means that any
part of the flow diagram in the (σxy,σxx) plane can be
obtained from any other part by transformation (1) with
corresponding choice of a, b, c, and d. Such transforma-
tions can be considered [6] as an extension of the “law of
corresponding states” describing the symmetry relations
between the different QHE phases [9]. For a holomor-
phic scaling β−function in the variable σxy + iσxx exact
expressions for the flow lines have been derived [5].
The structure of the theoretical flow diagram [5], peri-
odic along the σxy-axis, is shown in Fig.1 for one period
0 < σxy < 1 (σxx and σxy are in units of e
2/h). For
σxx ≫ 1, the points (σxy, σxx) flow down vertically with
increasing coherence length L, deviate from the vertical
at about σxx ∼ 1, and converge to integer values of σxy
(0 or 1 for the range under consideration) on approaching
the semicircle separatrix
σ2xx + [σxy − 1/2]
2 = 1/4. (2)
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FIG. 1: The scaling flow diagram showing the coupled evolu-
tion of the diagonal (σxx) and Hall (σxy) conductivity com-
ponents with increasing coherence length for a totally spin-
polarized 2D electron system in the range 0 < σxy < 1. Solid
lines represent the semicircle separatrixes and dotted lines
give examples of some other flow lines.
The points on the vertical separatrix σxy = 1/2, separat-
ing different QHE phases, flow vertically to the critical
point (1/2, 1/2) both from above and from below. Eq. (1)
maps the vertical separatrix at σxy = 1/2 into semi-
circle separatrixes connecting pairs of points (pi/qi, 0)
for odd integer pi, and even integer qi, with flow out
from these points. The semicircle separatrix Eq. (2) is
mapped onto semicircle separatrixes connecting pairs of
points (pi/qi, 0) with odd qi and flow direction towards
these points corresponding to either an integer (qi = 1)
or fractional (qi > 1) quantum Hall state, or an insu-
2lating state (pi = 0). Crossings of the different type
semicircle separatrixes produce the fixed critical points.
All flow lines different from the separatrixes leave from
the points (pi/qi, 0) with even qi and arrive at the points
(pi/qi, 0) with odd qi as it shown in Fig.1 by dotted lines
below the large semicircle separatrix of Eq. (2). For the
sake of clarity, only a limiting number of semicircle sep-
aratixes having the larger diameters are shown. Since
the flow lines do not intersect the separatrixes the latter
divide the flow diagram into the regions where the flow
lines can reach only particular points on the horizonal
axis (i.e., particular QHE states).
As follows from the above consideration, the scaling
theory [4, 5, 6, 7] predicts existence of a fractional quan-
tum Hall effect (FQHE) state at all rational fractions
with odd denominators, including the recently observed
[12] the 4/11- and 5/13- states. To describe these states
the widely accepted composite fermion picture [11] has
to be modified by introducing the concept of higher gen-
eration composite fermions [13, 14, 15].
According to the scaling theory [5], close to zero tem-
perature, transitions between QHE states occurring at
variation of the magnetic field or the electron density are
described by semicircles connecting corresponding points
on the (σxy, σxx) diagram. Two such semicircles have
been observed experimentally [10] for the case of tran-
sitions to the insulating state (0, 0) from the (1, 0) and
from the (1/3, 0) QHE state.
It is worth to note that the flow lines depend on the
magnetic field and such parameters of the system as
electron density, disorder, or scattering mechanism only
via the values of the magnetoconductances σxy and σxx.
Where σxy is mainly determined by the electron density
and the magnetic field, σxx is strongly dependent on the
sample quality. For a better sample with higher mobility,
the lower σxx value at given σxy and temperature allows
the observation of a larger number of FQHE states. How-
ever, experimental limitations of attainable low temper-
atures do not allow to reach the upper parts of the flow
lines in the flow diagram for the high-mobility samples.
Therefore, to investigate the total diagram, samples of
very different quality should be utilized. The data pre-
sented here cover that part of the diagram, which corre-
sponds to samples of moderate quality.
For the integer QHE, the experimentally obtained flow
diagram [16] was in qualitative agreement with the the-
oretical picture. Quantitative agreement between theo-
retical [5] and experimental flow lines has been found for
strongly disordered GaAs layers [17]. To the best of our
knowledge the temperature driven flow diagram in the
fractional QHE regime has been briefly investigated [18]
for 1 < σxy < 2 only. In this situation, the electron
system is not fully spin polarized and the later appeared
scaling theory [4] is not directly applicable. However,
in a wide variety of samples [19, 20], for the transition
from the fractional state (1/3, 0) to the insulating state
(0, 0), the value of ρxx at the temperature independent
point has been found to be close to the theoretical critical
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FIG. 2: The diagonal (σxx) and Hall (σxy) conductivities
as a function of the gate voltage for sample 2 at a 6.0 T
magnetic field for different temperatures below 0.3 K. The
arrows indicate the gate voltage positions of the σxx minima
for fractional QHE states 2/3 and 1/3.
value ρcxx = h/e
2.
In the work presented here we explore the temperature
driven flow diagram of σxx(T ) versus σxy(T ) for a spin-
polarized 2D electron system in GaAs/AxGa1−xAs het-
erostructures in the fractional QHE regime with σxy <
2/3. A good agreement with the recent scaling theories
is found, which implies surprisingly that at low enough
temperatures the evolution with temperature of a totally
spin-polarized 2D electron system depends only on ini-
tial values of σxy and σxxand that the behavior in differ-
ent parts of the (σxy, σxx) plane is connected by simple
transformations according to Eq. (1).
Two samples of MBE grown GaAs/AlxGa1−xAs het-
erostructures from different wafers were used in our ex-
periments. They have an undoped AlxGa1−xAs spacer
of 50 and 70 nm for sample 1 and 2, respectively. Sam-
ple 1, without gate structure, has a low-temperature
electron density n = 1.35 × 1011 cm−2 and a mobility
8.8× 104 cm2 /Vs. Sample 2, with a gate structure, has
an electron density n = 1.4 × 1011 cm−2 and a mobility
1.2 × 106 cm2/Vs at zero gate voltage. Previous study
of sample 2 [21] proved a spin-depolarization of the 2D
electron system at filling factors 2/3 < ν < 1, in agree-
ment with theoretical prediction [22]. For this reason we
limit the here presented flow diagrams to 0 < σxy < 2/3.
Note that because of very different mobilities of these
two samples the same values of σxy and σxx at the same
temperature are obtained at very different electron den-
sities. For example, the point (0.5, 0.1) for sample 2 is
reached at n ≈ 3 × 1010 cm−2, a factor of four smaller
than the carrier density in sample 1. The Hall bar ge-
ometry was used for measurements of the Hall (ρxy) and
diagonal (ρxx) resistivities. For sample 1 without a gate
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FIG. 3: Flow-diagram of the temperature dependent (σxy(T ), σxx(T )) data points (a) for sample 1 from 0.37 down to 0.05 K
(for 1/3 < σxy < 2/3) and down to 0.11 K (for σxy < 1/3) at different magnetic fields in the range 8.5 − 21 T, and (b) for
sample 2 from 0.3 down to 0.035 K at different gate voltages for B = 2.5 (diamonds), 2.8 (squares, a few data), and 6 T
(circles). Different fillings of the symbols are used for different magnetic fields (data of sample 1) and for different gate voltages
(data of sample 2). Solid lines represent the theoretical vertical and semicircle separatrixes. Dotted lines show flow lines close
to experimental data.
the diagonal (ρxx) and Hall (ρxy) resistivities have been
measured as a function of the magnetic field B at dif-
ferent temperatures and converted into the σxx(B) and
σxy(B) data. For sample 2 with a gate ρxx and ρxy have
been measured as a function of the gate voltage Vg at
different temperatures for three fixed magnetic fields 2.5,
2.8and 6 T. The absolute values of the Hall ρxy signals
were appreciably different for two opposite directions of
the magnetic field at the highest fields for sample 1 and
the lowest gate voltages for sample 2, probably because of
an admixture of ρxxto ρxy. The average has been taken
as ρxy.
The corresponding data for σxx(Vg) and σxy(Vg) (both
given in units of e2/h) are shown in Fig. 2 for B = 6 T.
The two fractional QHE states (2/3 and 1/3) are well
pronounced especially at the lowest temperature. These
well developed FQHE states are observed together with
weakly pronounced 2/5 and 3/5 states. The upper axis
for the electron density n is slightly nonlinear below
n ≈ 3 × 1010 cm−2. An additional shallow minimum in
σxx and a step in σxy can be seen at n = 1.1×10
11 cm−2
(ν ≈ 0.75). However, their evolution with temperature
differs from the usual behavior for the fractional QHE.
The value of σxx in the minimum increases with decreas-
ing temperature and the plateau value of σxy depends
on temperature. This observation is in agreement with
earlier results [23] and probably originates from partial
spin polarization of the 2D electron system at filling fac-
tors 2/3 < ν < 1 which makes the theory [4, 5, 6, 7, 8]
inapplicable in this range. At B = 2.5 and 2.8 T, the
fractional QHE is observed only at ν = 1/3 and 2/3 as
for the data of sample 1.
In Fig. 3, the experimental flow data are compared
with theoretical flow diagram and rather good agreement
is demonstrated. For sample 1 (Fig. 3(a)) at σxy = 1/2
the flow of the experimental data goes vertically up in ac-
cordance with the theory. To the left of this line the flow
lines deviate to the left and are nearly horizontal around
σxy = 0.4, before curving down tending to (1/3, 0).
Similarly to the right of σxy = 1/2 the experimental
flow deviates to the right, is almost horizontal around
σxy = 0.6, and then curves down tending to (2/3, 0). At
0.25 < σxy < 0.3 the flow lines go approximately up at
the beginning and diverge near the critical point close to
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FIG. 4: A part of the flow diagram of Fig. 3(b) in the vicinity
of the theoretical critical point (0.3, 0.1). Experimental points
(diamonds for B = 2.5, squares for 2.8 , and circles for 6 T
) are connected by solid lines and the direction of their shift
with lowering temperature are shown by arrows. The the-
oretical semicircle separatrixes are presented by dashed and
dotted lines. Dash-dotted line is obtained by a slight defor-
mation of the dotted theoretical line.
the theoretically predicted one at (0.3, 0.1).
For sample 2 (Fig. 3(b)), the experimental points re-
produce a large part of the theoretical flow lines con-
necting points (1/2, 0) and (1/3, 0); (1/2, 0) and
(2/3, 0); (1/4, 0) and (0, 0), and follow vertical flow
line at σxy = 1/2. The flow line between the (1/2, 0)
and (0, 0) points also demonstrate very good agreement
with the experimental data. Note that the experimen-
tal points shift with lowering temperature always in the
direction of the nearest flow lines in complete agreement
with what is expected from the theory. For example, ex-
perimental points move with lowering temperature along
the σxx axis upward in the vicinity of σxy = 1/2 and
σxy = 1/4 and downward in the vicinity of σxy = 1/3
and σxy = 2/3. The theoretical flow lines directed to
fractional QHE states with σxy = 2/5 and σxy = 3/5
are also rather well confirmed experimentally. A com-
plicated picture exists in the vicinity of the theoretical
critical point (0.3, 0.1). Corresponding data are shown
in Fig. 4 on an enlarged scale. The experimental data
can be well fitted by slightly deforming the separatrix
connecting the (1/2, 0) and (1/4, 0) points (dotted line)
as is shown by dash-dotted line in Fig. 4. The flow of the
experimental data has a nontrivial character: the data
points shift towards the critical point when located in
the vicinity of the deformed separatrix and away from
the critical point along separatrix connecting (1/3, 0)
and (0, 0) points (dashed line). The separatrix deforma-
tion results in shift of the critical point to the (0.31, 0.09)
position. Thus, there is only rather small quantitative
discrepancy (about 10%) between theoretical and our ex-
perimental flow lines. This difference could be attributed
to macroscopic inhomogeneity of the sample bearing in
mind the data scattering for ρcxx, 30% in Ref.[19] and
10% in Ref.[20].
The possible role of dissipationless edge currents could
have an influence on the correct measurement of the
magnetotransport tensor components in our experiment.
The edge currents can shortcircuit the dissipative bulk
conductivity so that neither magnetoresistivity nor mag-
netoconductivity can be determined from the measured
magnetoresistance [24, 25]. The shortcircuiting by edge
currents could occur only at filling factors above a very
well pronounced QHE state (or, equivalently, at magnetic
fields and gate voltages, respectively, below and above
QHE plateaux) giving rise to an asymmetric form of the
magnetoconductivity σxx(B) around a QHE minimum.
Moreover, in the case of fractional QHE, edge currents
exist only in a rather close vicinity of the corresponding
QHE states [26] (for example, edge currents related to
FQHE do not affect the conductivity at ν = 1/2). Con-
sidering our data below ν = 2/3, pronounced fractional
QHE states occur only at ν = 1/3 at the lowest tem-
peratures and highest fields with σxx approaching zero.
Therefore, the data points on the flow lines converging to
the insulating state (0, 0), those in the vicinity of the dis-
cussed critical point (0.31, 0.09), and those around and
above σxy = 1/2 up to 2/3 cannot be affected by the edge
currents. The quite symmetric form of the magnetocon-
ductivity minima at ν = 1/3 observed in our experiment
even at the lowest temperatures (see Fig. 2 as an exam-
ple) gives a further indication that edge currents aren’t
of importance in our data.
The theoretical flow diagram describes the behavior of
a 2D system when only the coherence length depends on
temperature with all other parameters being tempera-
ture independent. Such regime is obviously limited from
both low and high temperature sides. At high temper-
atures, for example, the formation of an energy gap in
the excitation spectrum with decreasing temperature is
not included in the scaling theory. At low temperatures
the transition to variable-range hopping could break the
scaling description. However, the latter would change
the flow diagram only in very close vicinity of the quan-
tum Hall states. An estimation of the upper tempera-
ture limit for the scaling approach is not well established.
Existing experimental results on the temperature depen-
dence of the compressibility of a 2D electron system in
the fractional quantum Hall effect regime [27, 28] and
on the non-monotonic temperature dependence of σxx at
σxy = 1/2 [29] imply the upper temperature limit for
the scaling flow lines to be at approximately 0.5 K. In
our samples at temperatures above 0.4 K the deviations
of the experimental data from the scaling theory pre-
dictions increase gradually, consistently with results of
Ref.[27, 28, 29].
In summary, for the fractional quantum Hall effect
5regime at 0 < σxy < 2/3 we have found that the com-
plicated temperature dependence of the magnetoconduc-
tivity tensor components when presented in the form of
the flow lines on the (σxy, σxx) plane is rather well quan-
titatively described by equations of the scaling theory
[4, 5, 6, 7]. The evolution of (σxy, σxx) with decreasing
temperature is determined uniquely by the initial values
of σxy and σxx independently from the microscopic pa-
rameters of a totally spin-polarized 2D electron system.
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